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Optimization:

Used when multiple solutions
satisfy your equations.
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FBA Optimization Problem Statement

e Objective Function:
A function that is
maximized or
minimized to identify
optimal solutions

Maximize: c-v

Such that Sv=20

Constraints: Place
limits on the
allowable values the
solutions can take
on.
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GAMS Demo License Limits

e MAX CONSTRAINTS 300

e MAX VARIABLES 300

e MAX NON ZERO ELEMENTS 2000

e MAX NON LINEAR ELEMENTS 1000
e MAX DISCRETE VARIABLES 50
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GAMS Primer

Sets: used as indeces in the algebraic
equations defining models

Parameters: matrices, vectors, or scalars
used in the model equations

Variables: the variables that are being
solved for.

Equations: these are the constraints and
objective function that define the model

Models: set of equations
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1. Sets

Format

Sets

setnamel [indexl11,index12,...
setname’ [ index21,index22,...[;

Example

Sets

| /metabA, metabB/
j/vl,bl,b2/;
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2. Parameters

Format

Parameters

scalarname [ value/
vectorname(setnamel) [index11 value,.../
matrixname( setnamel, setname’)
[index11.index21 value

index12.index22 value... [;

**If you don't specify and entry the program assumes it is zero

Example
Parameters

Vmax /100/
S(i,j)
/metabA.v1 -1
metabB.v1 1
metabA.bl 1
metabB.b2 -1/;
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Variables

Format

Variables

Variablenamel
Variablename setname);

Example
Variables

V()

objvalue;

SIMPLE BOUNDS:

Constraints on variables can be applied directly to the variables, for
example

V.lo(j)=0; all elements of V must be > 0
V.up(j)=Vmax; all elements of V must be < the parameter Vmax
V.tx('v1)=0; The element of V corresponding to v1 is fixed to 0
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5. Equations

Format

Equations

Equationl give description
EquationX setname) give description,

Eqguationl.. Give function;
Eqguation setname).. Give function;

Example

Equations

MassBalance(i) mass balances around A and B
ObjectiveFunction function to be optimized;

MassBalance(i).. sum(S(i,j)*V(j)) =e= 0; =€= means =
ObjectiveFunction.. objvalue=e=V('v1’); == means <
=g= means 2
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6. Model and Solve Statements

Format

model modelname /all/;

or

model modelname [list of equations/;

Example

model FBA /all/;

or

model FBA /MassBalance,ObjectiveFunction/;

To solve the model:
solve modelname using Ip maximizing objectivevariable;

Example:
solve FBA using Ip maximizing objvalue
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An Illustrative Example

Consider two variables A and B, which are the amount of toy cars
and trucks you can produce.

Do to resource limitations you can make no more than 60 cars a day
and no more than 50 trucks a day.
0<A<60
0<B<50

You are also limited by shipping such that the number of cars plus
twice the number of trucks must be less than 150.
A+2B <150

You can sell the toys at $20/car and $30/truck your earnings (Z) are
given by: Z =20A + 30B
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Graphical Representation of Feasible
Solution Space

3 Constraints:
0<A<60
0<B<50

A+2B <150

Feasible Solution A +2B=150

Space
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Graphical Representation of the
Objective Function: Z=20A+30B

Optimal value within
feasible set

Feasible\SoIgtion
Space
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ILE File Edit Search Windows Utlies Help

EEEE"DU_Q'CDB_SDUICB j ﬂ@ |
carshrucks.gms Run GAMS :F-;:-i

rrariables
cars
trucks

constraint3

CONSTIAlInNTI..

earnings.. r

cars.lo=0;

model pro
solve ¢ on using lp maximizing profic:

1: 1 Modified Inzert Run GAMS [F9]




Your LST File has all Results
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Constraint and Variable Values

HJ—\.'I-E—'\-FE-' ™
i 11 o A = 11
J-\.J—\.'l-s—'\-l-a- e
o o’ - — ——

HHFS—-\_,-&- ™
e - — —

O 0 a0 a0
L g g g

=1 1= = [

caI'lllNIgs

NOTE: A dot means that the value is zero.
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Sensitivity Analysis

Shadow Prices
Reduced Costs
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FBA Optimization Problem Statement

e Objective Function:
A function that is
maximized or
minimized to identify
optimal solutions

Maximize: c-v

Such that Sv=20

Constraints: Place
limits on the
allowable values the
solutions can take
on.
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Shadow Prices

e Tells you how the value for the objective
function at the optimal solution would change if
you changed the boundaries on the constraints.

Maximize Z =c'v
Such that S'v =D

v < UB
v = LB

Shadow Price (i) = dZ/db,
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Shadow Prices (1 per constraint)

SP, = 5 - This means if we lower b, from 60 to 59, the profit would go
down to 2550+(59-60)*SP, and the solution would change (cars & trucks).

SP, = 0 - This means if we changed b, then the profit would change and
neither would the solution (cars & trucks), exception being if you made
drastic changes to b..

™ T T ETITIT T B
LOWER LEVEL JEPER
———— EQU constrain-~ —INF 0.000C 0.000C
———— EQU constrain-~ —INF 45.000 =0.000
———— EQU con=strain-~ —-INF 150.000 150.000C
wiTT -
———— EQU earnings
.= b ruk - T il ik - ke - mp—
LOWER LEVEL JPPER
- - T A A . b=
——— Y¥Y4R car= .  &60.000 +INE
— . . L e . T e T — L
———— VAR trucks . 45.000 +TNE
— = —_ L I o "I ol ol T MR R — L
—-——— WAR profictc —INE 2550.000 +INE



Graphical Representation of the
Objective Function: Z=20A+30B

This constraint can move,
and it won't affect the

60 /optimal solution

Feasible Solution
Space

LA
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Reduced Costs

Tells you how the objective function coefficients (c;) would have to change
so that a variable (v§ which is currently zero in the optimal solution, would
be non-zero in the new optimal solution using the new values for c.

Or, tells you how the value for the objective function at the optimal solution
woluld change if you forced a variable with value zero to take on a nhon-zero
value

Maximize Z =cC'V

Such that S'v=Db
v < UB
> LB

Reduced Cost (j) = dZ/dv,
** Only true when v; = 0 at current optimal solution.
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Reduced Costs (1 per variable)

In this case all variables are non-zero so all reduced costs are zero, meaning
we don’t have to make any changes to c to get non-zero values for cars and
trucks (they already are non-zero)

HJ—\.'I-E—'\-FE-' e
T o e " — — -
HJ—\.'I-E—'\-FE-' e
T o e " — — -

HJ—\.'I-E—'\-FE-' e
T o e " — — -

[=1 I+ = [

O 0 a0 a0
L g g 4

earnings
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Metabolic Network Example

Reaction List S Matrix
vi: A—B
: A—>C
: — A
: B —
: C—

Maximize Z=cv=yV,
Suchthat S'v=0
O0<v<10




sets
metabolites JA B, C,D
..-2 -

reactions Jvl,wvZ2,bl,b2, b3

arameters

Cc(reactions)

S(metabolite=s, reactions)

BE.vl 1

i Define S
- - A

B.bZ2 -1

C.b3 -1):;

wariakles

L2

egquations
masskhalance (metabolites)

masshbalance (metabolites) som (reactions, S ({metabolites, reactions) *v(reactions) jFre=0;
objectivefunction Z=e=s2T (reactions, c(reactions) *v(reactions) )

v.lo(reactions)=0; Apply Variable Bounds: Upper (.up)
v.up{reaction=)}=10; Lower ( IO)

ct'vi")=1: Define C, ie. pick flux to optimize

model FEL Jall/;:
solve FEBA using lp maximizing Z:




Before Solve Summary in LST File:
Equation Listing

———— masskalance

massbalance (&) ..

massbalance (B) ..

mas=sbalance (C) ..

._...Ef...._ﬂ_. Jp—
A W wd libh - A L3 1d




Constraint and Variable Values

———— EQU masskbalance

LOWER

S-v = level

-
=
=
I
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Shadow Prices (1 per constraint)
SP,=-1->
oIf we change b, from zero to 1: we are saying the production of A has to
be higher than the consumption of A by 1 unit (remember S'v=production-
consumption).
*A lower consumption of A means that the flux through v1 will have to go
down by 1 unit. Hence, dZ/db, = -1.
eFor example, if b, = 1 then Z = 9.

Metabolic Map

SP.=SP; = EPS (~0) - This is because if you added
B or C to the network they wouldn’t allow for higher
flux through v;.

———— EQU ma=ssbalance




Reduced Costs (1 per variable)

IF FLUX IS NON-ZERO THEN REDUCED COST IS ZERO

Reduced Cost v, = 0, because v, is hon-zero (v1=10)

Reduced Cost b, = 0, because b, is non-zero (b2=10)

Exception: if the non-zero flux is at is simple upper bound (b;<10) then the
shadow price for is reported (shadow price for A is -1)

IF FLUX IS ZERO THEN REDUCED COST CAN BE NON-ZERO

Reduced Cost v, = -1, because if you increase flux through v, it will reduce
flux through v, thereby reducing Z.

Metabolic Map




Conclusions

e You can use shadow prices and reduced
costs to evaluate your results.

e For example: If you maximize growth
rate and find zero growth, you can
identify metabolites which metabolites
are needed in order to grow (those with
a negative shadow price).

— This is useful if you are debugging a
network.
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Central Metabolic Network
(ie. CoreTextbookModel.gms)
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Core E. coli Metabolic Network

Glycolysis

Oxididative
Phosphorylation

101 Genes
63 Metabolites
62 Reactions




Common Flux Abbreviations

e Biomass: this is a drain of biomass components in
their appropriate ratios.

e Exchange fluxes (remember + secretion; - uptake)
— EX_glc_e (glucose)
— EX_ac_e (acetate)
— EX_succ_e (succinate)
— EX_formate_e (formate)
— EX_etoh_e (ethanol)
— EX_02_e (oxygen)

|
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gamside: C:) WINDOWS  gamsdit' project.gpr - [ .glutamine'Usersh jireed’Classes' short course' WorkshopCh,
Ee Fil= Edit Search Windows Help

foa.gms | coretextbaokmadel.gms Ru n n i n g F BA

finclude CoreTextbookModel. gms

For exchange fluxes,

a negative value indicates uptake
and

UpperLimits(j) =Vmax;

a positive value indicates secretion

LowerLimics('EX gle e')=-1;
OpperlLimics('EX gle e')=-1;
LowerLimits ('EX coZ e')=-Vmax:
LowerLimics ('EX hio_e')=-Vmax:

Define Carbon Source
(i) used to define the objective function for FEL; and Uptake Rate

Wariahles
31 flux walues through reaction in network
kb3 this iz the walue of the ohjective function for the FEL solutions;

Parameter

Egquations

masshalance (1) mass balance equations for each metabolite

calocob] calculates the dot product of the o wector the flux wvector:
masshalance (i) .. sum{ j,3(i,3)%v(]) )=e=0;

calcobj.. Chi=e=sumi Jj,ci(j)*w(]j)] ):

Model FBL /masshalance, calcobis:

w.lo(j)=LowerLimits(j):
RECTRE Y I A I Bl Sy S S| — Sy O B N Ap =y B I Y
o' BEiomass')=1;

Define Objective Function

o e e T e e e




GAMS Results: LST File

on-Zero Fluxes

370 VARTAELRK w.L flux walues through reaction in network

EX coi e EX glc e -5.000, EX h e L1581, ~liZo e 10.
EX o2 g . EX pi e L2802, LCONT L2917, LTPZ4r 15.
Bip#ias= . CO2t 160, Ca L2917, CY¥TED 1
0 . FEBEL 345, FUH 389, GePDH2r 3.
GLPD . GLCpLt=s 000, GHD .o04, Ha0n -10.
ICDHvE . MDH . 389, NADH11 795, 02t a.
D H . FFE 345, PGI 396, PGE -7.
Fis . PN 794, FIt L80Z, FPC 1.
PYE . EPE .254, EFPI L0200, sUCDhli
suchg : STCOLS . 389, TALAL O30, LEGD

TET1 . ” L9044, TPI 15

370 VARIABLE CObhj.L = this iz the wvalue of
the obhjective functio

GI’OWth Rate/ n for the FEL solutio

ns
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FBA Calculations

. What is the maximum growth rate for glucose aerobic
growth (max. glucose uptake rate of 5??

. What is the maximum growth rate for glucose anaerobic

g;g oxygen uptake) growth (max. glucose uptake rate of

. What are the bkl)jproducts that are secreted during maximal
|

glucose anaerobic growth?

. Can E. coli grow anaerobically on acetate ? (hint: to get a

feasible solution set lowerlimit to -5 for EX ac e and
upperfimit to 0)

. Looking at the shadow prices for oxygen (02) do you think

that the cells could grow with acetate aerobically?

. Looking at the reduced costs for the exchange fluxes, what

compounds if added would allow for growth?
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- Simulation

|$‘||$‘||$‘| I |@||.||@| [ & rrr |—J S bfw (@ ]_rrr

rMap r Intra System Rxn r Exchange Rxn r Temporary Rxn rMetahulrles |

Core E. coli Metabolic Network




¢ - Simulation

R T SBe [«= = [@a SIS JI_ TF Bl

fl‘u‘lap r Intra System Rxn r Exchange Rxn r Temporary Rxn rMetahuIltes |

Core E. coli Metabolic Network | o




FBA Calculations

What is the maximum growth rate for glucose aerobic growth (max.
glucose uptake rate of 5)?

. 0.49 1/hr

What is the maximum growth rate for glucose anaerobic (no oxygen
uptake) growth (max. glucose uptake rate of 5)?

e 0.197 1/hr

What are the by-products that are secreted during glucose anaerobic
growth?

. acetate, ethanol, formate
Can E. coli grow anaerobically on acetate ?
. No

Looking at the shadow prices for oxygen (02) do you think that the
cells could grow with acetate aerobically?

e Yes, since the shadow price for 02 is negative it means that if
you added it growth would increase.

Looking at the reduced costs for the exchange fluxes, what
compounds if added would allow for growth

e akg, fum, glc, lacD, 02, pyr
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