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Constraint-Based Methods
Optimal Solutions

1. FBA
2. Flux Variability

Flux Dependencies
1. Robustness
2. Phase Planes
3. Flux Coupling

All Allowable Solutions
1. Extreme Pathways
2. Elementary Modes
3. Sampling

Altering Phenotypes
1. Genetic Mutations
2. Strain Design

Application of Additional
Constraints
1. Regulation
2. Energy Balance

Price, Reed, and Palsson 
Nat. Reviews Microbiol. 
2004
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Overview of Cellular Growth

• Batch
– Multiple growth 

phases, exponential 
growth has constant 
growth rate, µ.

• CSTR or Bioreactor
– @ SS: All 

concentrations are 
constant.
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V

In Chemostat:
D = F/V = µ @ SS

F

F

Varma and Palsson, App. 
Environ. Microbiol. 60(10): 
3723-3731 (1994)
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V

In Batch Culture:
V is Constant

Biomass (X) increases over time
Carbon Source (eg. glucose) 

decreases over time

*Acetate is secreted if not 
enough Oxygen is supplied

Varma and Palsson, App. 
Environ. Microbiol. 60(10): 
3723-3731 (1994)
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V

In Batch Culture:
V is Constant

Biomass (X) increases over time
Carbon Source (eg. glucose) 

decreases over time

*Acetate and other by-products are 
secreted to consume NADH made 

during glycolysis
(No Oxygen means No Respiration)

Varma and Palsson, App. Environ. Microbiol. 
60(10): 3723-3731 (1994)
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How to Approximate Batch Simulations?
• During each small time step, ∆t, we will 

assume that uptake & secretion rates 
and µ are constant.

X(t) = biomass concentration
S(t) = substrate concentration
P(t) = product concentration
v has units of mmol/gDW/hr

dX/dt = µX
dS/dt = vEX_S·X
dP/dt = vEX_P·X

X(t+∆t) = X(t)·eµ∆t

S(t+∆t) = S(t)-vEX_S·X(t) ·(1-eµ∆t)/µ
P(t+∆t) = P(t)-vEX_P·X(t) ·(1-eµ∆t)/µ

We need to know vEX_S, vEX_P, µ!
(we can use FBA to calculate these)
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Constraining Exchange Fluxes:
• During each small time step, ∆t, the substrate uptake 

rate depends on the current substrate and cell 
concentration and the cells maximum uptake ability: 

vEX_S_available = - S(t) / [X(t)·∆t]

For example: if there is 0.2mmol glucose/L and 1 gDW cell/L, 
then in 0.1 hrs the most substrate you could take up is 

2mmol/gDW/hr.

This might exceed the cells uptake capacity, so you take either 
the cell’s capacity or the availability as the limit.

Maximum Uptake Rate = max(vEX_S_available, vEX_S_max)
ie. which ever is less negative
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An Illustrative Example:
• During aerobic growth the maximum cellular uptake 

for glucose is 10.5 mmol/gDW/hr (18.5 for anaerobic 
growth) and the maximum O2 uptake is 15.

At t=2 hours, [glucose] = 
10.9 mmol/L and X=0.08 
gDW/L. If our ∆t is 0.1 
hrs, then:

vEX_glc_avail = -136.
This exceeds our cell 
capacity (vEX_glc_max) 
of -10.5.
We would run FBA with a 
lower glucose uptake rate 
of -10.5mmol/gDW/hr

At t=9 hours, [glucose] = 
0.5 mmol/L and X=0.7 
gDW/L. If our ∆t is 0.1 
hrs, then:

vEX_glc_avail = -7.1.
Our cell capacity 
(vEX_glc_max) of -10.5 
exceeds what is available 
in the media.
We would run FBA with a 
lower glucose uptake rate 
of -7.1mmol/gDW/hr
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ATP Maintenance Flux = 7.6mmol/gDW/hr

Scaling Factor

Concentrations at t=0

Cellular Uptake Capacity
(note - signs introduced 
later on below for EX 
fluxes)

Time Step

Total Time = (121-1)/dt = 12 hours
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Batch Calculations: Aerobic

• Graph concentrations versus time for glucose 
aerobic growth.

• When does glucose run out? When is acetate 
reconsumed?

• What are the final yields before acetate is 
reconsumed:
– Biomass: -∆X/∆Glc (gDW cells/mmol glucose)
– Acetate: -∆Ac/∆Glc (mmol acetate/mmol glucose)
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Batch Calculations: Aerobic

• When does glucose run out? When is 
acetate reconsumed?
– ANS: At 9 hours

• What are the final yields before acetate 
is reconsumed:
– Biomass: 0.063 g/mmol ~ 0.35 g/g
– Acetate: 0.509 mmol/mmol ~ 0.16 g/g
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Batch Calculations: Anaerobic

• Graph concentrations versus time for glucose 
anaerobic growth.

• What are the final yields:
– Biomass: -∆X/∆Glc (gDW cells/mmol glucose)
– Acetate: -∆Ac/∆Glc (mmol acetate/mmol glucose)
– Ethanol: -∆Etoh/∆Glc (mmol ethanol/mmol glucose)
– Lactate: -∆Lac/∆Glc (mmol lactate/mmol glucose)

• If you start out with more cells initially (0.02 g/L) 
does this speed up or slow down the time course? 
Does the Biomass yield change?



UW-Madison, Chemical & Biological Engineering

0

5

10

15

20

0 2 4 6 8 10 12
Time (Hours)

C
on

ce
nt

ra
tio

n

Glucose (mmol/L)
Acetate (mmol/L)
Formate (mmol/L)
Ethanol (mmol/L)



UW-Madison, Chemical & Biological Engineering

0

0.1

0.2

0.3

0.4

0 2 4 6 8 10 12
Time (Hours)

C
on

ce
nt

ra
tio

n

Biomass(gDW/L)



UW-Madison, Chemical & Biological Engineering

Batch Calculations: Anaerobic

• Graph concentrations versus time for glucose 
anaerobic growth.

• What are the final yields :
– Biomass: 0.026 gDW/mmol ~0.14g/g
– Acetate: 0.76 mmol/mmol ~ 0.25g/g
– Formate: 1.65 mmol/mmol ~0.41g/g
– Ethanol: 0.73 mmol/mmol ~0.19g/g

• If you start out with more cells (0.02 g/L) initially 
does this speed up or slow down the time course? 
Does the biomass yield change?
– Now growth stops at 5.7 hours instead of 10.4
– Biomass yield is still 0.026 gDW/mmol
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Flux Coupling
• Used to see how 

pairs of fluxes affect 
one another. 

• Done by calculating 
the minimum and 
maximum ratio 
between two fluxes

• Transformation 
needed to make it a 
linear problem

Burgard, AP, et al. Genome 
Research. 14(2):301-12 (2004).
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Types of Coupling:

• Fully Coupled:
– V1 and V7
– V2 and V3

• Directionally Coupled:
– V2,V3 V1,V7
– V6 V1,V4,V7
– V5 V4

• Uncoupled:
– V5 w/ all other fluxes, except 

V4
– V4 w/ all other fluxes, except 

V5 and V6
– V6 w/ V2, V3 and V5

Burgard, AP, et al. Genome 
Research. 14(2):301-12 (2004).
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All Fluxes Constrained Between 0 and Vmax

Flux Variability Analysis to find actual
Vmax and Vmin for each flux 
This will allow us to remove blocked reactions 
(including infeasible directions of reversible reactions)

Separate Irreversible & Reversible Reactions

In S·v=0 equation split reversible reactions (v_for and v_back fluxes)
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All Flux Ratios (v_hat) Constrained Between 0 and Inf

For the uptake flux, add 
additional constraint 
allowing its ratio to vary
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GAMS File Results

• Two Text Files (row I, column J = Ratio 
for VJ/VI:
– “OneDirection” reports the max and min 

ratios in tables for the irreversible reactions 
compared to all other fluxes (irreversible 
and reversible fluxes).

– “BothDirection” reports the max and min 
ratios in tables for the reversible reactions 
with each other (note that reversibility is 
redefined after FVA is performed)
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Results from the Example Network

Max V3/V2 = 1 & Min V3/V2 = 1 so 
they are Fully Coupled

Max V1/V6 = Inf & Min V1/V6 = 1 so they 
are Directionally Coupled (V6 V1)

Max V1/V5 = Inf & Min V1/V5 = 0 so they 
are Uncoupled (V6 V1)
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Steps for Determining

1. Decouple reversible reactions into 
forward and reverse reactions, so vj≥0

2. Remove reactions (k) which can not 
carry any flux, meaning given 
constraints vk=0.

3. Calculate the maximum and minimum 
flux ratios for pair-wise flux 
comparisons.
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Burgard, AP, et al. Genome 
Research. 14(2):301-12 (2004).

The number of 
blocked reactions 
(those which can 
not carry flux), 
depend on:

1) Network
2) Growth Condition

Distribution 
of Blocked 
Reactions
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Burgard, AP, et al. Genome 
Research. 14(2):301-12 (2004).

Some Networks are 
More Highly 
Connected Leading 
Fewer Coupled 
Reactions:

1) Network
2) Growth Condition

Distribution of Coupled Reactions
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Burgard, AP, et al. Genome 
Research. 14(2):301-12 (2004).

Large Coupled Reaction Sets
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Burgard, AP, et al. Genome 
Research. 14(2):301-12 (2004).

Inclusion of 
biomass reaction 
leads to a large 

number of 
coupled reactions


